The Akhmedov-Park exotic CP^2 # 2(-CP^2) by Akbulut, Selman
ar
X
iv
:1
10
7.
30
73
v2
  [
ma
th.
GT
]  
10
 Ja
n 2
01
5
THE AKHMEDOV-PARK EXOTIC CP
2#2C¯P
2
SELMAN AKBULUT
Abstract. Here we draw a handlebody picture for the exotic CP2#2C¯P
2
constructed by Akhmedov and Park.
0. Introduction
Akhmedov-Park manifoldN [AP1] is an irreducible symplectic 4-manifold
which is an exotic copy of CP2#2C¯P
2
. It is a variant of the exotic CP2#3C¯P
2
which they constructed previously [AP2] (with its handlebody in [A1]). N
consists of two codimension zero pieces glued along the common boundaries:
N = E˜0 ⌣∂ E˜1
The two pieces are constructed as follows: We start with the product of
a genus 2 surface and the torus E = Σ2 × T
2. Let < a1, b1, a2, b2 > and
< C,D > be the standard circles generating the first homology of Σ2 and
T 2 respectively (the cores of the 1-handles). Then E˜ is obtained from E
by doing “Luttinger surgeries” to the four subtori (a1 ×C, a1), (b1 ×C, b1),
(a2 × C,C) (a2 ×D,D) (see [A1] for a handle description of E˜). Then
E˜0 = E˜ − Σ2 ×D
2
To construct the other piece, let K ⊂ S3 be the trefoil knot, and S30(K)
be the 3-manifold obtained doing 0-surgery to S3 along K. Being a fibered
knot, K induces a fibration T 2 → S30(K)→ S
1 and the fibration
T 2 → S30(K)× S
1 → T 2
Let T 21 and T
2
2 be the vertical (fiber) and the horizontal (section) tori of
this fibration, transversally intersecting one point p. The degree 2 map
S1 → S1 induces an imbedding S1 ×D3 →֒ S1 × D3, and by using one of
the circle factors of T 2 it induces an imbedding ρ : T 2 × D2 →֒ T 21 × D
2.
The torus T 23 := ρ(T
2 × 0) ⊂ T 21 × D
2 intersects a normal disk D2 of
T 21 transversally at two points {p1, p2}, hence it intersects T
2
2 transversally
at {p1, p2}. Therefore by blowing up the total space at p1, we get a pair of
imbedded pair tori T 23 ∪T
2
2 ⊂ (S
3
0(K)×S
1)#C¯P
2
, each with self intersection
−1, and transversally intersecting each other at one point p2. Smoothing
T 22 ∪ T
3
2 at p2 gives a genus 2 surface Σ2 ⊂ (S
3
0(K)× S
1)#C¯P
2
with trivial
normal bundle Σ2 ×D
2, then we define:
E˜1 = (S
3
0(K)× S
1)#C¯P
2
− Σ2 ×D
2
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In short M = E˜ ♯ Σ2(S
3
0(K) × S
1)#C¯P
2
(♯ Σ2 denotes fiber sum along Σ2).
There is a related construction of exotic CP2#2C¯P
2
given in [FS], which
appeared after [AP1] (in fact arxiv.org version of [AP1] appeared in 2007).
We thank Anar Akhmedov for describing this beautiful manifold to us.
1. construction of N
In [A1] a handlebody picture for E˜0 is already given. Recall, the starting
point was Figure 1 from [A2], which is a handelbody of E0 = E − Σ2 ×D
2
and the desrcription of a diffeomorphism f : ∂E0 → ∂(Σ2 × D
2). In [A1]
by using this we constructed a handlebody for E˜0 and gave a description of
a diffeomorphism f : ∂E˜0 → ∂(Σ2 × D
2) (Figure 2). In Figure 2 we also
indicate the generators of π1(E˜0). Next we will give a handlebody for E˜1.
The first picture of Figure 3 is the handlebody of S30(K) × S
1 ([A3]),
where in this picture the horizontal T2 ×D
2 is clearly visible, but not the
vertical torus T 21 (which consists of the Seifert surface of K capped off by
the 2-handle bounded by the trefoil knot). In the second picture of Figure
3 we redraw this handlebody so that both the vertical and the horizontal
tori are clearly visible (reader can check this by canceling 1- and 2- handle
pairs from the second picture to obtain the first picture). By an isotopy and
creating a canceling 1- and 2- handle pair we obtain the first and the second
pictures of Figure 4. Now we want to find an imbedded copy of T 2 × D2
inside of the neighborhood T 21 ×D
2 of the vertical torus (indicated by dotted
rectangle) imbedded by the degree two map, i.e. we want to locate T 23 .
Reader can bemuse herself by first trying to draw a handle description of
a copy of S1 × D3 (a circle with dot) inside S1 × D3 (another circle with
dot) imbedded by a degree two map. After several tries it will become clear
that one should first start with S1×D2 inside of another S1×D2 imbedded
by a degree two map. This is given by the first picture of Figure 5 (Heegard
picture). Here the 1-handle of the sub S1×D2 is B and the 1-handle of the
ambient S1 ×D2 is A. Crossing this picture S1 we get a handle description
of T 2 × D2 inside of another T 2 × D2 imbedded by the degree two map,
which is the second picture of Figure 5.
By changing the 1-handle presentation from pair of balls to circle with
dot notation of [A4], we get the pictures of Figure 6, where the degree two
imbedding of T 2×D2 inside of T 2×D2 is now clearly visible. For emphasis,
we should mention that the either picture of Figure 6 is just T 2×D2, drawn
in a nonstandard way so that the degree two imbedded copy of the sub
T 2 × D2 is clearly visible inside. Now we want to carry this picture to
Figure 4 install it inside of the dotted rectange (i.e. inside of T 21 ×D
2).
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For this purpose, in Figures 6-8, we describe a diffeomorphism h (in terms
of handle slides) from the copy of T 2×D2 in Figure 6 to the standard copy
of T 2 × D2, and then apply the inverse h−1 of this diffeomorphism to the
region enclosed by the dotted rectangle in Figure 4. This gives the second
picture of Figure 9. Reader can quickly verify this by simply applying h to
the second picture of Figure 9 and get the first picture of Figure 9. Think of
Figure 9 as a piece of S30(K)×S
1 (i.e. the region enclosed by dotted rectangle
in Figure 4). Now we want to work only in this region (i.e. manipulate it
by diffeomorphisms), then at the end install it back in Figure 4. This will
help to simplify our pictures, otherwise we have to carry the rest of whole
Figure 4 every step, even though we are only working inside of T 21 ×D
2.
By blowing up S30(K) × S
1 we go from Figure 9 to Figure 10, which is
(S30(K) × S
1)#C¯P
2
(actually the figure shows only piece of it). The thick
arrow in Figure 9 indicates where we performed the blowing up operation.
Then by isotopies, handle slides (indicated by dotted arrows), and han-
dle cancelations we go from Figure 10 to Figure 14. By installing Figure
14 inside of the dotted square in Figure 4 we obtain the whole picture of
(S30(K) × S
1)#C¯P
2
, which is Figure 15. Figure 16 is an equivalent way of
expressing Figure 15, where we draw the slice 1-handle as a pair standard 1-
handles and a 2-handle. Now finally, in Figures 15 and 16 we see clearly the
imbedded copy Σ2×D
2 ⊂ (S30(K)×S
1)#C¯P
2
discussed in the introduction.
To obtain N we need to remove this copy of Σ2 × D
2 from inside of
(S30(K)×S
1)#C¯P
2
and replace it with E˜0. The arcs in Figure 2 (describing
the diffeomorphism f) show us how to do this, resulting with the handlebody
picture ofM in Figure 17. Throughout the paper we use the convention that
when we don’t indicate the framing a 2-handle it means it is zero framed.
2. Triviality of π1(N)
Recall that in [A1] the fundamental group π1(E˜0) is given in terms of the
generators of Figure 2 (by reading off the relations by tracing the attaching
knots of the 2-handles, starting at the points indicated by small circles)
π1(E˜0) =
〈
a, c, e, g, h, q
∣∣∣∣∣∣
[a, e] = 1, [h, e] = 1, [a, q] = c,
[c−1, a] = cq, [g, a] = h, [g−1, h] = a,
[cq, ah] = 1, [c, ah] = 1, [q−1, c][g−1, e] = 1
〉
Now we can calculate π1(N) from this presentation by introducing the
new generators x, y, u, v, w of Figure 17, and introducing 11 new relations
coming from the 11 new 2-handles of Figure 17 (attached on top of E˜0).
These new relations can be easily red off from the Figure 17, they are given
by the following words:
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vg−1h−1gha, xyxy−1x−1y−1, cyx−1c−1xy−1, qy−1, xyx−1wy−1,
yx−1v−1u−1, vu−1vu, uwu−1vw−1, u2e−1, we−1w−1e, wg−1
After eliminating y,w from the short words, these new relations become:
v = a−1[h−1, g−1], xqx = qxq, cqx−1c−1xq−1 = 1
g = [x, q−1], qx−1 = uv = v−1u, , v = [u, g−1], u2 = e, [g, e] = 1
The last relation of π1(E˜0) and [g, e] = 1 implies [q, c] = 1, and this
together with the third relation above implies [c, x] = 1. One can make a
few more simplifications, for example in the presence of [q, c] = 1 the third
relation above is equivalent to [c, x] = 1. Also the 7th and 8th relations of
π1(E˜0) together are equivalent to [q, ah] = 1 and [c, ah] = 1. So we have:
π1(N) =
〈
a, c, g, h, q, x, u, v
∣∣∣∣∣∣∣∣∣∣∣∣
[a, u2] = 1, [h, u2] = 1,
[a, q] = c, [a−1, c−1] = q, [g, a] = h
[g−1, h] = a, [q, ah] = 1, [c, ah] = 1, [q, c] = 1
v = a−1[h−1, g−1], xqx = qxq, [c, x] = 1
g = [x, q−1], qx−1 = uv = v−1u,
v = [u, g−1], [g, u2] = 1
〉
From this presentation by using the group theory software GAP, reader can
verify that π1(N) is the trivial group. Also notice g = [x, q
−1] and xqx = qxq
⇒ g−1x2 = xq; again this with xqx = qxq gives an equivalent presentation
x = gqg−1. This helps to reduce number of generators. Also by GAP, we
can check that nine of the above relations are redundant, and the group has
the following presentation, and it is trivial, though it would be nice to find
a by hand proof of the triviality of this group as in the case of [A1].
π1(N) =
〈
a, c, g, h, q
∣∣∣∣ [a, q] = c, [a−1, c−1] = q, [g, a] = h, [g−1, h] = a[q, ah] = 1, [c, ah] = 1, gq−2g = q−1gq−1
〉
= 〈1〉
We leave this and the topological consequences of this handlebody as a
subject of a future paper. It is interesting to observe how the manifold M
of [A1] evolves into this manifold N . The pictures suggest that N might
be obtained by some sort of ‘rational blowing down” (and maybe mixed in
with some knot surgery) operation to M .
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Figure 1. E0 and f : ∂E0
≈
−→ Σ2 × S
1
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Figure 2. E˜0 and f : ∂E˜0
≈
−→ Σ2 × S
1
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Figure 3. S30(K)× S
1
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Figure 4. S30(K)× S
1
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Figure 5. Building degree 2 imbedding T 2×D2 →֒ T 2×D2
by crossing degree 2 imbedding S1×D2 →֒ S1×D2 with S1
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Figure 6. T 2 ×D2 containing a degree 2 imbedded copy of itself
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Figure 7.
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Figure 8.
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Figure 9. T 2 ×D2 containing a degree 2 imbedded copy
of itself, with some reference arcs drawn to describe the dif-
feomorphism from the standard copy T 2×D2 ⊂ S30(K)×S
1
14 SELMAN AKBULUT
Figure 10. (T 2 ×D2)#C¯P
2
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Figure 11. (T 2 ×D2)#C¯P
2
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Figure 12. (T 2 ×D2)#C¯P
2
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Figure 13. (T 2 ×D2)#C¯P
2
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Figure 14. (T 2 ×D2)#C¯P
2
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Figure 15.
Figure 16.
20 SELMAN AKBULUT
Figure 17. N
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